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We present the Gross-Pitaevskii equation for Bose-Einstein condensates (BECs) possessing the
electric dipole and the electric quadrupole moments in a non-integral form. These equations are
coupled with the Maxwell equations. The model under consideration includes the dipole-dipole,
the dipole-quadrupole, and the quadrupole-quadrupole interactions in terms of the electric field
created by the dipoles and quadrupoles. We apply this model to obtain the Bogoliubov spectrum
for three dimensional BECs with a repulsive short-range interaction. We obtain an extra term in the
Bogoliubov spectrum in compare with the dipolar BECs. We show that the quadrupole-quadrupole
interaction gives a positive contribution in the Bogoliubov spectrum. Hence this spectrum is stable.
PACS numbers: 52.25.Mq, 77.22.Ej, 03.75.-b, 67.85.Fg
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I. INTRODUCTION
On the steady interest to dipolar quantum gases [1]-
[13], there has arisen interest to quantum gases with the
quadrupole moments [14]-[17]. Earlier papers on this
subject are focused on quantum phases of quadrupolar
Fermi gases located in different traps [15], [16]. A non-
linear Schrodinger equation was applied to consider soli-
tons in quantum gases with the long-range quadrupole-
quadrupole interaction [14]. An explicit form of the po-
tential energy of the quadrupole-quadrupole interaction
was used in Ref. [14]. It results in an integral form of the
Gross-Pitaevskii equation (see formula (10) in Ref. [14]).
It was demonstrated that some aspects of cold gases with
anisotropic interparticle interactions can be studied in a
general way, with very little assumptions on the form for
the interparticle interactions [17].
Efforts to explore of quadrupolar quantum gases are
encouraged by experimental data on the quadrupole mo-
ment of atoms and molecules [18]-[23].
Structure of external fields for creation of the electric
and magnetic quadrupoles built as tightly bound pairs
of dipoles with orientations opposite to each other is de-
scribed in Ref. [14].
In our paper we are focused on the electric quadrupolar
particles being in the Bose-Einstein condensate (BEC)
state. We assume that objects have both the quadrupole
electric moment (QEM) and the dipole electric moment
(DEM).
We assume that all dipoles are aligned. We also as-
sume that all quadrupoles have same magnitude and ten-
sor structure. Hence we have system of particles mov-
ing without any particle deformations or oscillations of
the particle dipole directions. Consequently the evo-
lution of the dipole and quadrupole electric moments
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reduces to the evolution of the particle concentration.
Nevertheless, the concentration evolution are affected
by the dipole-dipole, the quadrupole-dipole, and the
quadrupole-quadrupole interactions. These interactions
are presented in the Euler equation via corresponding
force fields.
Applying all assumptions described above we obtain
the set of quantum hydrodynamic equations consisting
of the continuity and Euler equations. We consider
the dipole-dipole, the dipole-quadrupole, the quadrupole-
quadrupole interactions as long-range interactions. We
could apply the self-consistent field approximation, but
it cannot be done for particles in the BEC state (see dis-
cussion before formula (3) of this paper, see also Ref.
[24]). It appears that the long-range interactions of the
particles in the BEC state have the exchange part only,
and the self-consistent field equals to zero [24]. Fortu-
nately the exchange part arises in the form coinciding
with the formal application of the self-consistent field
approximations. The last one was considered in Refs.
[25], [26], [27]. After all we obtain the non-integral quan-
tum hydrodynamic equations. These equations appear
together with the equations of field, which are the pair of
the quasi-electrostatic Maxwell equations. The densities
of the DEM and QEM came in the Maxwell equations as
the sources of the potential electric field.
Under the assumption of potential velocity field we de-
rive corresponding non-integral non-linear Schrodinger
equation, which is the generalization of the Gross-
Pitaevskii equation for particles possessing the DEM and
the QEM.
The non-integral form of the Gross-Pitaevskii equation
for electrically dipolar BECs was obtained in Ref. [25].
There were also presented corresponding quantum hy-
drodynamic equations. The electric field created by the
dipoles was explicitly considered there. The electric field
evolution in dipolar BECs was also considered in Ref.
[28]. The non-integral description of magnetically dipo-
lar BECs was presented in Ref. [26]. Differences in be-
2havior of the align electric dipoles and the align magnetic
dipoles was demonstrated in Ref. [26]. A generalization
of described results for finite size particles was performed
in Ref. [29]. The model of dipolar BECs with the dipole
direction evolution was developed in Ref. [27]. These
researches have created a background for this paper.
The non-integral equation for the collective particle
evolution under influence of a long-range interaction ap-
pears together with equations of field. The Maxwell
equations are equations of field for the electromagnetic
field. Hence we present a description of dipolar BECs,
which is in agreement with the Maxwell electrodynamics
[30].
This brief paper is organized as follows. In Sec. II we
present equation of quantum hydrodynamics and gen-
eralized non-integral Gross-Pitaevskii equation for BECs
with the DEM and the QEM. In Sec. III we calculate the
Bogoliubov spectrum for the small amplitude collective
excitations. In Sec. IV a summary of obtained results is
presented.
II. MODEL
The method of many-particle quantum hydrodynam-
ics [31] allows to derive the Gross-Pitaevskii equation for
BECs of neutral atoms [32]. The Gross-Pitaevskii equa-
tion appears in the first order by the interaction radius.
A generalization of this model appears at more detail con-
sideration of the short-range interaction up to the third
order by the interaction radius Ref. [32]. Corresponding
generalization of the Bogoloubov spectrum can be found
in Ref. [32].
The method of many-particle quantum hydrodynamics
proves to be useful at consideration of the three-particle
interaction in BECs and ultra-cold Bose atoms at non-
zero temperatures [33].
Different long-range interactions have been also con-
sidered in terms of the many-particle quantum hydrody-
namics [26], [27], [31], [34], including the electric dipole
[25], [27], [34], [35] and magnetic dipole (the spin-spin)
[26] interactions.
We consider now BECs with the DEM and the QEM.
We obtain that motion of the medium obeys the fol-
lowing quantum hydrodynamic equations
∂tn+∇(nv) = 0, (1)
and
mn(∂t + v∇)v − h¯
2
4m
n∇
(
△n
n
− (∇n)
2
2n2
)
= −gn∇n+ dlβn∇Eβ + 1
6
Qqβγn∇∂γEβ , (2)
where n is the particle concentration, v is the velocity
field, ∂t is the time derivative, ∇ and ∂α are the gradient
operator consisting of partial spatial derivatives, △ is
the Laplace operator, m is the mass of particles, h¯ is the
reduced Planck constant, g is the interaction constant
for the short-range interaction, d (Q) is the magnitude
of dipole (quadrupole) electric moment, l is the vector
showing equilibrium direction of the dipoles, qαβ is the
second rank tensor showing structure of the quadrupole
moment of particles.
Equation (1) is the continuity equation showing con-
servation of the particle number. Equation (2) is the
Euler equation, which is the momentum balance equa-
tion. The group of terms, on the left-hand side of the
Euler equation (2), proportional to the square of the
Planck constant h¯2, is the quantum Bohm potential [36].
The right-hand side of the Euler equation consists of
three terms presenting different interactions. The first
term describes the short-range interaction in the Gross-
Pitaevskii approximation, or, in other words, in the first
order by the interaction radius [32], [37]. The second
(third) term presents action of the electric field created
by the DEM and QEM (internal electric field) on the
DEM (QEM) density. Hence the second term contains
the dipole-dipole and part of dipole-quadrupole interac-
tion. The third term contains another part of the dipole-
quadrupole interaction and the quadrupole-quadrupole
interaction.
Comprehensive analysis of approximations of quantum
hydrodynamic description of dipolar BECs was presented
in Ref. [24]. It shows that the dipole-dipole, quadrupole-
dipole, and quadrupole-quadrupole interactions between
particles in the BEC state, presented in the Euler equa-
tion (2) correspond to the exchange part of these in-
teractions, instead of the self-consistent field part as it
had been expected earlier [26], [27]. However, the ex-
plicit form of exchange correlations for bosons in the BEC
state is in formal coincidence with the self-consistent field
terms. Hence it allows to introduce the electric field cre-
ated by dipoles and quadrupoles as we demonstrate it
below.
For instance the force field of dipole-dipole interac-
tion in the general Euler equation appears as F(r, t) =
− ∫ dr′(∇Udd)n2(r, r′, t), with the potential energy of
dipole-dipole interaction Udd = −dβdγGβγ(|r− r′|). The
self-consistent field term related to the part of the two
particle concentration describing interaction of pairs of
particles being in different quantum states and reveals
in the simple representation of the two-particle con-
centration as the product of one-particle concentrations
n2(r, r
′, t) → n(r, t)n(r′, t) (see the first term on the
right-hand side of formula 4 in Ref. [32], see formula 25
and discussions after formula 23 in Ref. [32]). However
all ultracold bosons are located in the single quantum
state with the lowest energy. The self-consistent field
equals to zero for these particles. Thus we need to con-
sider full formula for the two-particle concentration of
weakly interacting bosons, which contains the exchange
interaction contribution. This formula was derived in
3Ref. [32] (see formula (25)). We also present it here
n2(r, r
′, t) = n(r, t)n(r′, t)
+ |ρ(r, r′, t)|2 +
∑
g
ng(ng − 1)|ϕg(r, t)|2|ϕg(r′, t)|2, (3)
where
ρ(r, r′, t) =
∑
g
ngϕ
∗
g(r, t)ϕg(r
′, t), (4)
and ϕg(r, t) are the arbitrary single-particle wave func-
tions. We can also present the particle concentra-
tion in terms of single-particle wave functions n(r, t) =∑
g ngϕ
∗
g(r, t)ϕg(r, t). The second and third terms in for-
mula (3) are related to the exchange interaction. The
second term describes exchange interaction of bosons lo-
cated in different quantum states, and the third term
presents the exchange interaction of bosons being in the
same quantum state with quantum numbers g, with sum-
mation over all quantum states. Only one term in ex-
pansion of the two-particle concentration (3) survives
for particles in the BEC state. This is the term of
sum corresponding to the quantum state with lowest en-
ergy g0. Consequently the two-particle concentration can
be written as n2(r, r
′, t) = ng|ϕg(r, t)|2 · ng|ϕg(r′, t)|2=
n(r, t)n(r′, t), where we have assumed ng0 ≫ 1. Behav-
ior of the exchange correlations in ultracold fermions is
rather different, analysis of the Coulomb exchange inter-
action in quantum plasmas of degenerate electrons was
presented in Ref. [38].
The internal electric field consists of two parts. One
of them is created by electric dipoles. Its explicit
form is Eαdip(r, t) =
∫
dr′Gαβ(r, r′)P β(r′, t), with the
Green function of electric dipole interaction Gαβ(r, r′) =
∂α∂β 1|r−r′| . Structure of the polarization for the
align dipoles is P(r, t) = dln(r, t), where l is the
fixed direction of the dipoles. The second part of
the internal electric field is created by the electric
quadrupoles Eαquad(r, t) = − 16
∫
dr′Gαβγ(r, r′)Qβγ(r′, t),
where Gαβγ(r, r′) = ∂α∂β∂γ 1|r−r′| is the Green func-
tion giving the electric field created by the quadrupoles,
Qαβ(r, t) = qαβQn(r, t) is the density of quadrupoles
moving without any deformation of particles or oscilla-
tion of the direction of particle symmetry axes, qαβ is the
unit tensor showing the tensor structure of QEM. Sum
of these fields satisfies the Maxwell equations
∇ · E(r, t) = −4π
(
dlα∂α − 1
6
Qqαβ∂α∂β
)
n(r, t), (5)
and
∇×E(r, t) = 0. (6)
Equation (5) is the Poisson equation. Densities of elec-
tric dipoles and electric quadrupoles come in the right-
hand side of the Poisson equation. To give the Poisson
equation the traditional form we can introduce an ef-
fective polarization Peff containing contribution of elec-
tric dipole moments and electric quadrupole moments
Pαeff = dl
αn − 1
6
Qqαβ∂βn. Then equation (5) can be
written as ∇ ·E(r, t) = −4π∇ ·Peff . The self-consistent
field approximation for system of particles with a long-
range interaction was suggested by Vlasov in 1938 [39].
However we have not applied this approximation in equa-
tion (2), but we consider the exchange dipole-dipole,
quadrupole-dipole, and quadrupole-quadrupole interac-
tions appearing in the form coinciding with the self-
consistent field.
Since we consider the quasi-static evolution of dipoles
the Euler equation (2) is coupled with the Poisson equa-
tion (5), instead of the full set of Maxwell equations.
Hence obtained equations (1)-(6) correspond the Vlasov-
Poisson approximation, which is an analog of the well-
known model in the plasma physics.
The system of hydrodynamic equations (1), (2) can be
replaced by the generalized non-integral Gross-Pitaevskii
equation for the macroscopic wave function Φ(r, t)
ıh¯∂tΦ(r, t) =
(
− h¯
2
2m
△+ g | Φ(r, t) |2
− dlE(r, t)− 1
6
Qαβ(∂αEβ)
)
Φ(r, t), (7)
with
Φ(r, t) =
√
n(r, t) exp(ımφ(r, t)/h¯), (8)
where φ(r, t) is the potential of velocity field v(r, t) =
∇φ(r, t).
Equation (7) is coupled with the Maxwell equations (5)
and (6) via the electric field E. The particle concentra-
tion n is related to the macroscopic wave function Φ(r, t)
in the usual way n = |Φ|2.
III. BOGOLIUBOV SPECTRUM
Considering the small amplitude perturbations of the
equilibrium state δn = N exp(−iωt + ikr), δv =
U exp(−iωt + ikr), and δE = ε exp(−iωt + ikr), with
k = {kx, ky, kz}, we can obtain spectrum ω(k). N , U
and ε are constant amplitudes of oscillations.
A quadrupole at zero dipole moment is a pair of two
dipoles, which have equal module and opposite direc-
tions. An object with quadrupole moment and non-zero
dipole moment is similar to previous case, but dipoles of
the pair have different length. Let us introduce notation
din for shorter dipole of the pair (the inner dipole), and
notation db for larger dipole of the pair, and a notation for
difference of them dout = db− din (the outer dipole). So,
the outer dipole dout forms the dipole-dipole interaction,
then the inner dipole forms the quadrupole moment of
4particles. Considering electric quadrupole moment as a
tight pair of antiparallel electric dipoles with magnitude
din being separated by distance ǫ we have Q = 3dinǫ
[14]. We assume that dipoles parallel to the z axis, and
the interdipole distance is parallel to the x axis.
We have that the equilibrium polarization is directed
parallel z axes. Tensor of equilibrium quadrupole mo-
ment qαβ has the following structure: qxz = qzx = 1,
qxx = qyy = qzz = qyz = qxy = 0.
Linearised set of QHD equations (1), (2), after sub-
stituting of monochromatic perturbations gives the fol-
lowing relations between N , U and εx, εz: N = n0
kU
ω ,
and
kU =
−ωk2[dεz + 16Qı(kxεz + kzεx)]
mω2 − h¯2k4
4m − gn0k2
. (9)
Imaginary part of the numerator in formula (9) demon-
strates that some kind of instability can arise from
the electric dipole-quadrupole interaction. However the
Poisson equation (5) contains contribution of ”dipole-
quadrupole” and ”quadrupole-dipole” interactions can-
celing each other. Hence final spectrum has no imaginary
part.
The equation of field (6) leads to
εx =
kx
kz
εz, εy =
ky
kz εz. (10)
All these intermediate results can be substituted in
linearised Poisson equation (5). Before substituting of N ,
εx, εy in the Poisson equation its linearised form appears
as
kxεx + kyεy + kzεz = −4π
(
dkzδn− 1
3
Qıkxkzδn
)
, (11)
where we have included qαβkαkβ = qxzkxkz + q
zxkzkx
= 2kxkz .
After the substituting we obtain
k2εz =
4πk2zn0[d
2 + 1
9
Q2k2x]k
2εz
mω2 − h¯2k4
4m − gn0k2
, (12)
where we have included that two terms proportional to
the product of the electric dipole and electric quadrupole
moments dQ cancel each other.
Our calculation gives the following spectrum of collec-
tive excitations
ω2 =
h¯2k4
4m2
+
gn0k
2
m
+
4πn0d
2k2
m
cos2 θ
+
1
9
4πn0Q
2
m
k4 cos2 θ sin2 θ cos2 ϕ. (13)
where kx = k sin θ cosϕ, kz = k cos θ, and k =√
k2x + k
2
y + k
2
z , ky appears inside k only. This is the
spectrum of longitudinal waves in dipolar-quadrupolar
BECs.
FIG. 1: (Color online) Parametric form of the angular de-
pendence of the group of terms proportional to k4, contain-
ing the quadrupolar term, of the Bogoliubov spectrum (13)
is presented on the figure. This group of terms dominates
in the spectrum in the short-wavelength limit. We apply the
following parameters of particles: mass m = 2.85 10−22g, par-
ticle concentration n0 = 10
14 cm−3, and quadrupole moment
Q = 50 Debye A˚.
We have four positive terms in spectrum (13). The
first of these terms is the contribution of the quantum
Bohm potential. The second term is the short-range in-
teraction contribution considered in the first order by the
interaction radius [32], [37]. The third term is the electric
dipole moment contribution [25], [26]. The last term is
the contribution of the quadrupole electric moment in the
Bogoliubov spectrum. This term is one of main results
of our paper.
The electric dipole interaction gives a shift of the short-
range interaction constant g → g + 4πd2 cos2 θ giving an
anisotropic spectrum. The quadrupole electric moment
gives an anisotropic shift of the quantum Bohm potential
contribution h¯
2
4m2 → h¯
2
4m2 +
4pin0Q
2
9m cos
2 θ sin2 θ cos2 ϕ.
Studying the dipolar BECs, researchers measure the
rate of anisotropy η of the spectrum as the ratio be-
tween the frequency at propagation of waves parallel to
the external electric field θ = 0, and the frequency of
perturbations propagating perpendicular to the external
field θ = π/2. Hence we have for dipolar anisotropy
ηD = ω0/ωpi/2. As we see from formula (13) and figure
(1), the presence of the quadrupolar term in the Bogoli-
ubov spectrum (13) does not change this ratio at any
quadrupole moments of particles due to different form
of quadrupolar anisotropy. Quadrupolar part Ω2Q of the
spectrum (13) equals to zero at θ = 0, and θ = π/2.
Maximal contribution of the quadrupolar part arises at
5θ = π/4 and θ = 3π/4, if ϕ = 0, or ϕ = π. These com-
plicate conditions for maximum of Ω2Q arises due to the
rather complicate anisotropy of Ω2Q(θ, ϕ).
The difference of anisotropy form of the quarupole
interaction from the anisotropy of the dipole interac-
tion shows in no modifications of the bright, dark, and
grey soliton solutions propagating in electric dipolar-
quadrupolar BECs parallel or perpendicular to the equi-
librium polarisation considered in Refs. [25] and [26].
Quadrupole moment of particles leads to two char-
acteristic lengths. One of them is given by ratio of
quadrupolar part to the short-range interaction part
lQ =
√
4piQ2
9g . The another one appears from ratio of
quadrupolar and dipolar parts lQd =
Q
3d =
din
dout
ǫ. lQd can
be larger or smaller than the interdipole distance inside
quadrupole ǫ.
Comparison of lQd (or lQ, if the short-range interaction
dominates over the dipole-dipole interaction) with the
wavelength λ = 2π/k allows to introduce regime where
the quadrupole interaction is comparable with the dipole-
dipole interaction. Let us make some estimations to com-
pare the quadrupolar and dipolar parts of the spectrum
for some common parameters. For quadrupole moment
Q = 20 Debye A˚ and electric dipole moment d = 0.1
Debye, we have lQd = 0.67 10
−6 cm. At particle concen-
tration n0 = 10
14 cm−3 the average interparticle distance
a0 = 1/ 3
√
n0 = 0.4 10
−5 cm. Wavelengths λ are larger
than the average interparticle distance a0 < λ. We can
see that at the average electric dipole moment, and rather
large electric quadrupole moment, the quadrupolar term
is about one percent of the dipolar term, or smaller. Nev-
ertheless we can expect to have rather larger contribu-
tion of the quadrupole-quadrupole interaction in denser
mediums, where excitations with smaller wavelength can
propagate.
Quadrupoles can be built as tightly bound pairs of
dipole and anti-dipoles. In this case we do not have
dipolar part of the spectrum. Applying the Feshbach
resonance we can decrease the interaction constant, so
that the quantum Bohm potential and the quadrupolar
parts of the spectrum will dominate. In this regime it is
essential to compare these two terms.
For particles of mass m = 4.3 10−23g and quadrupole
moment Q = 6 Debye A˚ (acetylene molecules [19]) at the
particle concentration n0 ∼ 1014 cm−3 quadrupolar term
is about 0.001 of the quantum Bohm potential. Alkaline
diatoms have larger mass and larger electric quadrupole
moment (∼ 50 Debye A˚ [23]). Hence, at concentration
n0 ∼ 1014 cm−3 the quadrupolar term is about of 0.1÷ 1
of the quantum Bohm potential. The figure (1) shows
Ω2 = 4m
2ω2
h¯2k4
= 1 + 2.2 cos2 θ sin2 θ cos2 ϕ for particles of
mass m = 2.85 10−22g and quadrupole moment Q = 50
Debye A˚.
In this paper we are interested in the BECs of particles
possessing the dipole and quadrupole moments simulta-
neously. Spectrum (13) shows that the quadrupolar term
change the short-wavelength part of spectrum, then main
contribution of the dipolar term is in the long-wavelength
limit.
IV. CONCLUSION
We have developed the method of many-particle quan-
tum hydrodynamics for BECs of particles having the
DEM and the QEM. We have obtained the non-integral
continuity and Euler equations and corresponding Gross-
Pitaevskii equation containing the electric field created
by the DEMs and the QEMs of the medium. This
electric field obeys the Maxwell equations. We have
derived the Bogoliubov spectrum containing contribu-
tion of the dipole-dipole, the quadrupole-dipole and the
quadrupole-quadrupole interactions. We have found
that the quadrupole-quadrupole interaction gives highly
anisotropic positive contribution in the spectrum ω2(k).
The quadrupole-dipole interaction gives no contribution
in the Bogoliubov spectrum.
Obtained set of QHD equations and corresponding
non-integral Gross-Pitaevskii equation open possibili-
ties for studying of different collective phenomena in
quadrupolar BECs and BECs of particles possessing the
DEM and the QEM simultaneously.
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